Rules for integrands of the form (f + gx)™ (h +ix)9 (A + B Log[e (22X)"])P

c+d x

a+bx

1. ~I‘(-F+gx)"' (h+ix)1 [A+BLog[e(

no\p
]]) dx whenbc-ad#@ Abf-ag=0Adh-ci=90
c+dx

a+bx

1: J(f+gx)m (h+ix) [A+BLog[e(

n
) ])dlx whenbc-ad#@ Abf-ag=0Adh-ci=0Am+2ez*
c+dx

Rule:lf bc-ad+@ Abf-ag=0Adh-ci=0 Am+2eZ", then

J}f+gxw(h+ix)(A+BLogF[:::z]j]dx-ﬁ

reeoese oot (1), 020 (i st (22
g (m+2) bd (m+2) c+dx

Program code:

Int[(F_.+g_.#x_) m_.%(h_.+i_.#x_)»(A_.+B_.xLog[e_.*((a_.+b_.*x_)/(c_.+d_.*x_))"n_.1),x_Symbol] :=
(Frg*x) " (m+1) # (h+ixx)« (A+BxLog[ex ((a+bxx) / (c+dxX))"n])/ (g* (m+2)) +
ix (bxc-axd)/ (bxdx (m+2)) +Int [ (f+g#x)"m« (A-Bxn+BxLog[ex ( (a+bxx) / (c+d*x))~nl),x]| /;
FreeQ[{a,b,c,d,e,f,g,h,i,A,B,m,n},x] & NeQ[bxc-axd,0] & EqQ[bxf-axg,0] & EqQ[dxh-cxi,@] && IGtQ[m,-2]

Int[(f_.+g_.*x_)Am_.*(h_.+i_.*x_)*(A_.+B_.*Log[e_.*(a_.+b_.*x_)An_.*(c_.+d_.*x_)Amn_]),x_Symbol] =
('F+g*x) A(m+l) * (h+i*x) * (A+BxLog[e* (a+bxx)*n/ (c+dxx)*n]) / (g* (M+2)) +
ix (bxc-axd) / (bxdx (m+2)) +Int [ (f+g#x)"m« (A-Bxn+BxLog[ex (a+bxX) *n/ (c+dxx)*n]),x]| /;
FreeQ[{a,b,c,d,e,f,g,h,i,A,B,m,n},x] & EqQ[n+mn,0] & IGtQ[n,0] & NeQ[bxc-axd,0] & EqQ[bxf-axg,0] & EqQ[d+h-cxi,8] && IGtQ[m,-2]

a+bx

2: j(f+gx)'" (h+1ix)* (A+BLog[e(

no\p
]]] dx whenbc-ad#0@ Abf-ag=0Adh-ci==0A (M|q) €z
c+dx

Derivation: Integration by substitution

e, atbx 1 __ - F[’a:cx’x} a+b x a+b x
BaS|s.F[x, —C+dx} = (bc-ad) Subst{—'ﬂiﬁdx>2 > X5 Toay GX—GdX

Rule:lf bc-ad+@ Abf-ag=0Adh-ci=0A (m|q) €Zthen



Rules for integrands of the form u log(e (f (a+b x)"p (c+d x)"~q)"r)"\s

f(f+gx)'" (h+ix)? (A+BLog[e (a+bx]n]]pdlx N

c+dx

m
(bc-ad)™a+t (E) [—
b d (b - d x)™a+2 c+dx

Program code:

Int[(f_.+g_.#x_) m_.*(h_.+i_.*x_)"q_.* (A_.+B_.xLog[e_.#((a_.+b_.*x_)/(c_.+d_.*x_))"n_.1)"p_.,x_Symbol] :=
(bxc-axd) ~ (m+gq+1) » (g/b) *mx% (i/d)"q*Subst [Int [x"mx (A+BxLog[e*x”n] ) p/ (b-dxXx)~ (m+q+2) ,X],X, (a+bxX) / (c+dxx)] /;
FreeQ[{a,b,c,d,e,f,g,h,i,A,B,n,p},x] & NeQ[bxc-a+d,0] & EqQ[bxf-axg,0] & EqQ[dxh-cxi,0] & IntegersQ[m,q]

Int[(F_.+g_.#x_) m_.%(h_.+i_.*x_)"q_.* (A_.+B_.xLog[e_.*(a_.+b_.*Xx_)"n_.x(c_.+d_.#x_)~mn_])"p_.,x_Symbol] :=

(bxc-axd)~ (m+gq+1) * (g/b) *m* (i/d)"q*Subst[Int[x"m* (A+BxLog[e*x"n])*p/ (b-d*Xx)~ (m+q+2) ,X] ,X, (a+b*X) / (c+d*x)] /;
FreeQ[{a,b,c,d,e,f,g,h,i,A,B,n,p},x] && EqQ[n+mn,0] && IGtQ[n,0] 8&& NeQ[bxc-axd,0] & EqQ[bxf-axg,0] & EqQ[dxh-cxi,0] && IntegersQ[m,q]

a+bx

3: J(f+gx)'"(h+ix)q (A+BLog[e( ]n]]pdlx whenbc-ad#0 Abf-ag=0 Adh-ci=0Am+q+2==0

c+dx

Derivation: Integration by substitution and partial fraction expansion

e atbx | __ B F[’ah:d”x:x} a+b x a+b x
Basis: F[x, 22X| = (bc-ad) Subst{ DTl X, ERX| Oy 2

(e ) (e )

X" (b-d x) 2 =0

Basis: If m+ g + 2 == 9, then O,
Rule:lf bc-ad+@ Abf-ag=0Adh-ci=0Am+q+2=20,then
J~(-F+gx)"'(h+ix)q (A+BLog[e(a+bx]n]]pd1x

c+dx

g (bc-ad) x\™ [i(bc-ad) q(A+BLOg[EXn])p
_ _ b
— (bc-ad) Subst[J( 2040 ) (d(bdx) ) dx, X, = X]
(b-dx)? c+dx
(g(bc—ad)x)"‘(i(bc—ad))q a+bx
_ - +
— (bc-ad) supst[ NS00 Jx"‘ (A+BLog[ex"])"dx, x, ]
X" (b-dx)2 c+dx



Rules for integrands of the form u log(e (f (a+b x)"p (c+d x)"~q)"r)"\s

— > Subst[jx'“ (A+BLog[ex"])?dx, x,
i2 (bc-ad) (J—Li cxdx ) (ﬂ)

d c+dx

d? (g (a+b x) )"‘

a+bx]

c+dx

Program code:

Int[(f_.+g_.#x_) m_.x(h_.+i_.*x_)"q_.# (A_.+B_.xLog[e_.*((a_.+b_.*x_)/(c_.+d_.*x_))"n_.]1)"p_.,x_Symbol] :=
dAZ*(g*(a+b*x)/b)Am/(iAz*(b*c-a*d)*(i*(c+d*x)/d)Am*((a+b*x)/(c+d*x))Am)*
Subst [Int [x"mx (A+BxLog[e*x"n])"p,X],X, (a+bxx) / (c+d*x)] /;
FreeQ[{a,b,c,d,e,f,g,h,i,A,B,m,n,p,q},x]| && NeQ[bxc-axd,0] && EqQ[bxf-a+g,0] && EqQ[dxh-c+i,0] & EqQ[m+q+2,0]

Int[(f_.+ _.*X_)"m_.*(h_.+i_.*x_)"q_.*(A_.+B_.*Log[e_.*(a_.+b_.*x_)"n_.*(c_.+d_.*x_)"mn_])"p_.,x_Symbol] =
d*2x (g* (a+bxx) /b) *m/ (i72x (bxc-axd) * (ix (c+dxx) /d) "mx ((@a+bxX) / (C+dxx) ) m) *
Subst [Int [x*mx (A+BxLog[e*x"n])*p,X],X, (a+bxx) / (c+dxx)] /;
FreeQ[{a,b,c,d,e,f,g,h,i,A,B,m,n,p,q},x] && EqQ[n+mn,0] && IGtQ[n,0] && NeQ[bxc-axd,0] && EqQ[bxf-a+g,0] && EqQ[dxh-c+i,0] && EqQ[m+q+2,0]

(* Int[(f_.+g_.*x_)Am_.*(h_.+i_.*x_)Aq_.*(A_.+B_.*Log[e_.*(a_.+b_.*x_)An_.*(c_.+d_.*x_)Amn_])Ap_.,x_Symbol] =
bxdx ('F+g*x) 2 (m+1)/(g*i* (bxc-axd) » (h+i*x) A(m+1) % ((a+bxx) / (c+dxx) )~ (m+1) ) *
Subst [Int [x"mx (A+BxLog[e*x”n])"p,Xx],X, (a+bxx) / (c+dxx)] /;
FreeQ[{a,b,c,d,e,f,g,h,i,A,B,m,n,p,q},x] & EqQ[n+mn,0] && NeQ[bxc-axd,0] && EqQ[bxf-a+g,0] && EqQ[dxh-c+i,0] & EqQ[m+q+2,0] =)



Rules for integrands of the form u log(e (f (a+b x)"p (c+d x)"~q)"r)"\s

a+bx

2: J(-F+gx)"' (h+ix)1 [A+BLog[e(

no\Pp
]]) dx whenbc-ad#@ A (m|q) €Z ApezZ*Adh-ci=0
c+dx

Derivation: Integration by substitution

F. a+b x o _ F[fa:cx"x} a+b x a+b x
Ba5|s.F{x, —de] == (bc-ad) Subst{—bl*—(bd)()z > X Soan | O% crdx

Rule:lf bc-ad+0@ A (m|q) €eZ ApezZ"ANdh-ci=0,then
j(f+gx)m(h+ix)q[A+BLog[e(a+bx]n]]pdlx—>

c+dx

i\a bf-ag- (df- " (A+BL n1)P b
(bc-ad)%? [i] Subst[J‘( ag- cg) x)" (A+BLog[ex"]) ix a+ x]
d (b - d x) ™a*2 c+dx

Program code:

Int[(F_.+g_.#x_) m_.%(h_.+i_.*x_)"q_.* (A_.+B_.xLog[e_.#((a_.+b_.*x_)/(c_.+d_.*x_))"n_.1)"p_.,x_Symbol] :=
(bxc-axd) A (q+1) * (1/d) ~q+Subst [Int[ (bxf-axg- (dxf-cxg) +x) "mx (A+BxLog [exx"n]) "p/ (b-d*x) ~ (M+q+2) ,X],X, (a+bxx) / (c+d*x) | /;

FreeQ[{a,b,c,d,e,f,g,h,i,A,B,n},x] & NeQ[bxc-axd,0] & IntegersQ[m,q] & IGtQ[p,0] & EqQ[d+h-cxi,0]

Int[(F_.+g_.#x_ ) m_.#(h_.+i_.*x_)"q_.*(A_.+B_.xLog[e_.*(a_.+b_.*Xx_)"n_.x(c_.+d_.#x_)~mn_])"p_.,x_Symbol] :=

(bxc-axd)~ (q+1) * (1/d) ~q#Subst [Int[ (bxf-axg- (dxf-cxg) +x) "mx (A+BxLog [exx"n]) "p/ (b-dxx) ~ (M+q+2) ,X] ,X, (a+bxx) / (c+d*x) | /;
FreeQ[{a,b,c,d,e,f,g,h,i,A,B,n},x] & EqQ[n+mn,0] & IGtQ[n,8] & NeQ[bxc-axd,0] & IntegersQ[m,q] & IGtQ[p,0] & EqQ[dxh-cxi,e]

a+bx

3: J(f+gx)m (h+ix)? [A+BLog[e(

n.\p
]]) dx whenbc-ad#@ A (m|q) €zZ A pez*
c+dx

Derivation: Integration by substitution

fe. atbx 1 __ - F[’a:cx’x} a+b x a+b x
BaS|s.F[x, —de] = (bc-ad) Subst{—mﬁdx>2 s X5 T4y GX—GdX

Rule:lf bc-ad+0@ A (m|q) €eZ A pez*,then



Rules for integrands of the form u log(e (f (a+b x)"p (c+d x)"~q)"r)"\s

J(-F+gx)"' (h+ix)? [A+BLog[e (a+bx]n”pdlx N

c+dx

bf-ag- (df- "(bh-ai- (dh-ci T (A+BL n1)P b
(bc—ad)SMth[( 28 ( cg)ﬂ ( 2 ( C1)ﬂ ( ' oghx]) dlx,x,a+ X]
(b - d x)™a+2 c+dx

Program code:

Int[(f_.+g_.#x_) m_.*(h_.+i_.*x_)"q_.* (A_.+B_.xLog[e_.#((a_.+b_.*x_)/(c_.+d_.*x_))"n_.1)"p_.,x_Symbol] :=
(bxc-axd) »Subst [Int[ (bxf-axg- (d+f-cxg) xx) *mx (bxh-axi- (dxh-cxi) xx) ~qx (A+BxLog[exx"n]) ~p/ (b-dxx) * (M+q+2) ,X],X, (a+bxx) / (c+d*x) ] /;
FreeQ[{a,b,c,d,e,f,g,h,i,A,B,n},x] & NeQ[bxc-axd,0] && IntegersQ[m,q] & IGtQ[p,0]

Int[(F_.+g_.#x_) m_.%(h_.+i_.*x_)"q_.* (A_.+B_.xLog[e_.*(a_.+b_.*Xx_)"n_.x(c_.+d_.#x_)~mn_])"p_.,x_Symbol] :=
(bxc-axd) xSubst [Int [ (bxf-axg- (dxf-cxg)*Xx) "mx (bxh-axi- (dxh-cxi) xx) *q (A+BxLog[exx"n])~p/ (b-dxx) " (m+q+2) ,X] ,X, (a+b*X) / (c+d*x) ] /;
FreeQ[{a,b,c,d,e,f,g,h,i,A,B,n},x] & EqQ[n+mn,@] & IGtQ[n,0] & NeQ[bxc-axd,0] && IntegersQ[m,q] & IGtQ[p,0]

u: J(f+gx)m (h+ix)1 [A+BLog[e (a+bx]n])pd]x

c+dx

Rule:

J-(-F+gx)"' (h+ix)? [A+BLog[e (a+bx]n])pdlx — J(f+gx)m (h+ix)* (A+BL08[€‘ (a+bX)"]]Pd]x

c+dx c+dx

Program code:

Int[(F_.+g_.#x_ ) m_.x(h_.+i_.#x_)"q_.# (A_.+B_.*Log[e_.x((a_.+b_.#x_)/(c_.+d_.*x_))"n_.])"p_.,x_Symbol] :=
Unintegrable[ (f+gx)"m« (h+ixx)~q« (A+BxLog[ex ((a+bxx)/ (c+dxx))"n]) " p,x] /;
FreeQ[{a,b,c,d,e,f,g,h,1,A,B,m,n,p,q},x]

Int[(F_.+g_.#x_) m_.%(h_.+i_.*x_)"q_.*(A_.+B_.xLog[e_.*(a_.+b_.*Xx_)"n_.x(c_.+d_.«x_)~mn_])"p_.,x_Symbol] :=
Unintegrable[ (f+gx)~m« (h+ixx)~q+ (A+BxLog[ex (a+bxx)~n/ (c+dxx)~n]) p,x] /;
FreeQ[{a,b,c,d,e,f,g,h,i,A,B,m,n,p,q},x]| & EqQ[n+mn,0] 8&& IntegerqQ[n]



Rules for integrands of the form u log(e (f (a+b x)"p (c+d x)"~q)"r)"\s

uyni\p
N: J.w'"yq (A+BLog[e(—) ]) dx whenu=a+bx Av=c+dx Aw=Ff+gx Ay=h+ix
%

Derivation: Algebraic normalization

Rule: If u==a+bxAv==c+dxAw==f+ngy==h+ix,then

J‘w'“yq (A+BLog[e (S)n])pd]x — J(f+gx)m (h+ix)® (A+BLog[e [2::i)"]]pcﬂx

Program code:

Int[w_"m_.*xy ~q_.*(A_.+B_.xLog[e_.x(u_/v_)"n_.])"p_.,Xx_Symbol]
Int [ExpandToSum[w,x]*mxExpandToSum[y,x]~q* (A+BxLog[ex (ExpandToSum[u,x] /ExpandToSum[v,x])"n])*p,x] /;

FreeQ[{e,A,B,m,n,p,q},x] && LinearQ[{u,v,w,y},x] && Not[LinearMatchQ[{u,v,w,y},x]]

Int[w_"m_.xy ~q_.*(A_.+B_.xLog[e_.xu_"n_.xv_"mn_])" p_.,x_Symbol]
Int [ExpandToSum[w,Xx]*mxExpandToSum[y,x]~q* (A+BxLog[exExpandToSum[u,Xx]”~n/ExpandToSum[v,x]"n])"p,x] /;

FreeQ[{e,A,B,m,n,p,q},x] &% EqQ[n+mn,0] & IGtQ[n,0] && LinearQ[{u,v,w,y},x] && Not[LinearMatchQ[{u,v,w,y},x]]



Rules for integrands of the form u log(e (f (a+b x)"p (c+d x)"~q)"r)"\s

n

u P
S: Jw[A+BLog[e—]] dx whenu==a+bx Av=c+dX An¢z
Vn

Derivation: Integration by substitution

Basis: Oy Log[e —[—1—} == Ok Log[e <‘m)n}

ulx u
v[x]" V[X]
Rule:If u=a+bx Av=c+dx A nez,then

Jw (A+BLog[e :—:]]pd]x — Subst[Jw (A+BLog[e ($)n])pd1x, e (3)", e :—:]

Program code:

Int[w_.x(A_.+B_.xLog[e_.xu_"n_.*v_"mn_])"p_.,x_Symbol] :=
Subst [Int [w* (A+BxLog[ex (u/v)~n])~*p,Xx],ex (u/v) n,exu*n/v n] /;
FreeQ[{e,A,B,n,p},x] & EqQ[n+mn,0] && LinearQ[{u,v},x] && Not[IntegerQ[n]]

(» Int[w_.»(A_.+B_.+Log[e_.(f_.»u_~q_.»v_"mq_)~n_.]) p_.,x_Symbol] :=
Subst[Int[wx (A+BxLog[exf n« (u/v)~(nxq)|)"p,x],exf n«(u/v)~(nxq),ex (fx (urq/vrq) ) n] /;
FreeQ[{e,f,A,B,n,p,q},x] & EqQ[q+mq,0] && LinearQ[{u,v},x] & Not[IntegerQ[n]] x)



Rules for integrands of the form u log(e (f (a+b x)"p (c+d x)"~q)"r)"\s

Rules for integrands of the form (f +gXx+h x2)m (A +B Log[e (w) n] ) P

c+d x

a+bx

1: ~J‘(-F+gx+hx2)"' (A+BLog[e[

n,\p
] ]] dx whenbdf-ach=0 A bdg-h (bc+ad) =0 Amez
c+dx

Derivation: Algebraic simplification

h

Basis: If bdf-ach=0Abdg-h(bc+ad) =0, thenf + g x + h x? = o

(a+bx) (c+dx)

Rule:If bdf-ach=0 Abdg-h (bc+ad) =0 A mez, then

b n h™ b n
JXf+gx+hxﬂm(A+BLogF(a+ X]])pdx—a J}a+bxW(C+de(A+BLogF(a+ x)])pdx
bm

c+dx dm c+dx

Program code:

Int[(f_.+g_.#X_+h_.*x_"2)"m_.# (A_.+B_.xLog[e_.*((a_.+b_.*x_)/(c_.+d_.*x_))"n_.]1)"p_.,x_Symbol]| :=
h~m/ (bAmxd~m) *Int [ (a+bxXx) *mx (c+d*x) *mx (A+BxLog[ex ( (a+bxX) / (c+d*Xx))”*n]) p,x] /;
FreeQ[{a,b,c,d,e,f,g,h,A,B,n,p},x] & EqQ[bxd+f-axcxh,8] && EqQ[bxd+g-hx (bxc+axd),0] & IntegerQ[m]

Int[(f_.+g_.#x_+h_.*x_"2)"m_.# (A_.+B_.xLog[e_.* (a_.+b_.*X_)"n_.*(c_.+d_.*x_)"~mn_])"p_.,x_Symbol] :=
h*m/ (bAmxd”m) *Int[ (a+b*x) *mx (c+d*x) “m* (A+BxLog[e* (a+bxXx) *n/ (c+d*Xx)*n])*p,x] /;
FreeQ[{a,b,c,d,e,f,g,h,A,B,n,p},x] & EqQ[n+mn,0] && IGtQ[n,0] & EqQ[bxdsf-axcxh,0] && EqQ[bxd+g-hx (bxc+axd),0] & IntegerQ[m]



Rules for integrands of the form u log(e (f (a+b x)"p (c+d x)"~q)"r)"\s

a+bx

2: J(f+gx+hx2)m (A+BLog[e[

n.\p
] ]] dx whenbc-ad#@ AmezZ A pez*
c+dx

Derivation: Integration by substitution

o atbx | __ _ F[fabidcxx’x} a+bx} a+b x
Ba5|s.F[x, C+dx} = (bc-ad) Subst{ e Xs Soax Ox i dx

Rule:lf bc-ad+0@ Amez A peZ*,then

(F+gx+hx?)" A+BLog[e a+bx n] pdlx —
c+dx

(bc -ad) Subst [Jm
-ax

Program code:

Int[P2x_"m_.» (A_.+B_.xLog[e_.*x((a_.+b_.*x_)/(c_.+d_.*x_))”*n_.]1)"p_.,x_Symbol] :=
With [ {f=Coeff [P2x,X,0],g=Coeff[P2x,X,1],h=Coeff[P2x,X,2]},
(bxc-axd)
Subst [Int [ (b"Z*'F—a*b*g+a"2*h— (Z*b*d*'F—b*c*g—a*d*g+2*a*c*h) *X+ (d"Z*'F-c*d*g+c"2*h) *x"Z) Amx (A+BxLog[exx"*n])~p/
(b-d#x) ~ (2% (M+1) ) ,X] , X, (a+bxx) / (c+d*x) || /;
FreeQ[{a,b,c,d,e,A,B,n},x] & PolyQ[P2x,x,2] &% NeQ[bxc-axd,0] && IntegerQ[m] && IGtQ[p,0]

Int[P2x_"m_.» (A_.+B_.xLog[e_.*(a_.+b_.*x_)"n_.*(c_.+d_.*x_)"*mn_])"p_.,x_Symbol] :=
With[{f=Coeff[P2x,x,0],g=Coeff[P2x,x,1],h=Coeff[P2x,x,2]},
(bxc-axd)
Subst [Int [ (b"Z*'F-a*b*g+a"2*h— (Z*b*d*f—b*c*g—a*d*g+2*a*c*h) *X+ (d"Z*f-c*d*g+c"2*h) *x"Z) Amx (A+BxLog[exx"n])~p/
(b-d#x) ~ (2% (M+1) ) ,X] , X, (a+bxx) / (c+d*x) || /;
FreeQ[{a,b,c,d,e,A,B,n},x] & PolyQ[P2x,x,2] &% EqQ[n+mn,0] && IGtQ[n,0] && NeQ[bxc-axd,0] & & IntegerQ[m] && IGtQ[p,0]

(b>f-abg+a’h- (2bdf-bcg-adg+2ach) x+ (d*f-cdg+c?h) x*)" (A+BLog[ex"])’dx, x,

a+bx

c+dx

]



